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1. INTRODUCTION 
In recent years the classical Perron-Frobenius theory has been extended 
to matrices which leave invariant a cone in the finite dimensional real space 
V. Here we shall be concerned with the geometry of those cones which 
are suitable for Perron-Frobenius theory. l Although there is an extensive 
theory dealing with the lattice of faces of a polyhedral convex set, our 
work is of a different spirit, especially as parts of it extend to cones which 
are not polyhedral. 
2. CONES AND FACES 
(‘4 
(4 
Let V be a real vector of dimension N. 
DEFINITION 2.1. (a) A set K c V is called a (convex) cone iff 
(i) x, y E K implies x + y E K, 
(ii) x E K, GC > 0 implies MX E K. 
A cone K is Pointed iff x E K, - x E K implies x = 0. 
A cone K is full iff the interior of K, denoted by K”, is nonempty. 
1 The author obtained the first of his results while working on his Ph.D. thesis 
under Hans Schneider at the University of Wisconsin. Thanks are due to Professor 
Schneider for his many discussions and for his lectures in the fall term of 1968. 
Thanks are also due to Dr. Vashishtha Singh for several helpful conversations on 
the complementation problem. 
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In what follows we shall be concerned with a fixed convex cone K which 
we shall assume is topologically closed, full and pointed. However, we shall 
simply refer to the cone K. In addition, a cone K is called polyhedral iff 
there is a finite set of vectors {xi,. . . , x,> such that 
A cone K induces in V a partial order by 
x >y iff x -YE K. 
We shall use the following notations: 
x 3 0 (x nonnegative) iff x E K, 
x > 0 (x positive) iff x 3 0 and 0 # x, 
x >> 0 (x strictly positive) iff x E K”. 
DEFINITION 2.2. A vector x E K is called extremal iff 0 < y < x implies 
y = ux for some CC >, 0. The ray generated by x is called an extreme ray. 
DEFINITION 2.3. A subcone F of K is called a face of K, denoted 
F a K, iff 
XE F, 0 <y < x implies YE K. 
For results on extremals and convex cones one may consult Kothe [4]. 
He also gives various forms of strict convexity which we shall use later. 
Our faces correspond to the pootiems of Griinbaum [3]. The faces of a 
polyhedral cone are considered by Stoer and Witzgall [5]. 
The proofs of the following lemmas are straightforward and will be 
omitted. 
LEMMA 2.4. 
(a) F a G, G a K implies F a K. 
(b) FaK,GaK,FCGimpliesFaG. 
(Note that G is a full cone in the least subspace (G) of V which contains 
G.) 
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LEMMA 2.5. If x >> 0, then fey any y 3 0 there is a il > 0 such that 
x > Ay > 0. 
Let aK denote the boundary of K. 
LEMMA 2.6. If F a K and F # K, then F C aK. 
DEFINITION 2.7. Let S C K. Then the face generated by S is defined 
to be 
Q(S) = n{FlF a K, S c F}. 
REMARK. Q(S) 2 S, and Q(S) = S iff S is a face. Here and below 
we shall write Q(x) for @({x}). 
LEMMA 2.8. Let x E K. Then 
Q(x) = {y E K/3u > 0, uy < x}. 
Proof. Let 
F = {y E Kj3c( > 0, uy < x}. 
If yi, yz E F, say a,yr < x, cr2y2 < x, then for tc = 4 min(ccr, x2) 
Q(Y1 + y2) = MyI + cry, < 4% + ix = x9 
a/?-l(fiyi) < x, for all B > 0. 
Thus F is a subcone of K. If 0 < z ,( y and uy < x for some cc > 0, then 
0 < ccz < ay < x. Therefore z E F, whence F satisfies Definition 2.3 and 
so is a face of K. Thus F 3 Q(x). 
However, if y E F, then for some CC > 0, 0 < cry < x. But x E Q(x) 
and 0(x) a K, so y E @j(x). Thus y E Q(x). Thus also Q(x) ZI F. n 
For a face F we denote the relative interior of F by FA. The dimension 
of F is the dimension of the smallest subspace I/,, containing F. Thus 
F is full in V,. 
LEMMA 2.9. If x 2 0, then x E Q(x)“. 
Proof. Let Q(x) = F. Then 
FA = (y E FjVz E F 3u > 0, y - uz E F}. 
74 G.P.BARKER 
But by Lemma 2.8 for any z E F there is an cc > 0 for which 0 < tcz < x. 
Thus 0 < x - KZ < x, and so x - uz E F. Thus x E FA. n 
3.THE LATTICE OF FACES 
DEFINITION 3.1. Let K be a cone, and let 9 = .9(K) be the set of 
all faces of K. If F, G E 9, we define 
F V G = @(F U G) 
FhG=FtlG. 
We observe that <1 is a partial order on 9 and with the above defini- 
tion of supremum and infimum ZJ becomes a complete lattice of finite 
length. (See Birkhoff [l] for the various results in lattice theory.) 
PROPOSITION 3.2. Let F, G E 9, and let x be an extremal. Then 
(a) @(F + G) = F V G; 
(b) @(F + x) = F V G(x). 
Proof. Clearly F + G ZI F U G so that 
@(F+G)x@(FUG) = FVG. 
Conversely, @(F U G) is a convex cone, so for any f E F, g E G we have 
f + ge@(F U G). Thus F + G C @(F U G). But @(F U G) is a face, so 
@(F + G) c @(F U G). This proves part (a). 
Part (b) follows from part (a) if we show that @(F + x) = @(F + Q(x)). 
It is clear that @(F + x) C @(F + Q(x)). Conversely, if G is any face such 
that G 1 F + x and A 3 0, then 
F + /lx = ;i(F + x) c AG = G. 
Thus F + Q(x) C G, whence @(F + Q(x)) C G. But we may take G = 
@(F + x), and the equality follows. n 
Using the same techniques as in Proposition 3.2 we can prove 
PROPOSITION 3.3. Let x1,. . , x, be distinct extremal vectors. Then 
@h + x2 + * * * + x,) = @(x1) v @(x2,) v * * * v @(xJ. 
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4. DISTRIBUTIVITY 
If the cone K has exactly n = dim v distinct extremals, then we call 
K simplicial. If K is sim@icial, then since K is full the extremals must 
be linearly independent. If we take these extremals as a basis for V, then 
K is (represented by) the nonnegative orthant, which consists of all vectors 
with nonnegative coordinates. For this cone y < x means yi < xi for 
i = l,Z,..., n. However, it is easily seen that for the nonnegative orthant, 
R(K) is a distributive lattice. Thus we have the easy portion of the next 
theorem.2 
THEOREM 4.1. Y(K) is distribadiue iff K is sinzplicial. 
Proof. For 12 = 1, 2 all cones K are simplicial and 9(K) is distributive. 
Thus let n > 3 and suppose that F(K) is distributive. 
We shall show that there are at most n distinct extreme vectors. 
Suppose to the contrary that {x1,. . , x,+~} are distinct extremals. There 
is a nontrivial linear relation among the xk, and since K is pointed if 
then ii+ > 0 for some i and ;lj < 0 for some j. Drop the zero terms and let 
- ;ijxj, if lj < 0. 
Then the zk are distinct extremals, and we may write 
Z1 +a.. + 2, = %+I + * . . + 2,. 
The reader may recognize this as Radon’s theorem 
Proposition 3.3 
(cf. 13, p. IS]). By 
= @(Z*,l) v * . * v @(z,). 
Now if zir zj are distinct extremals, then @(z,) A @(zi) = (0). Using the 
distributivity of 9= we have 
s The technique used to derive the next theorem is a modification of techniques 
used by Professor Schneider in the course referred to above. 
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@M = m4 A WI)) v * * . v ml) A W,)) 
= @(z1) A (cqz1) v . * . v qz,)) 
= @(z,) A (@(2~+_1) v . ** v @(zJ) 
= 6%) A W,+d) V . * * V (WI) A WA) = W. 
This contradiction implies that there can be at most n extremals. How- 
ever, since K is full, there must be at least n extremals, so K is simplicial. 
5. COMPLEMENTED LATTICES 
The two improper faces K and (0) constitute the greatest and least 
elements of 9 respectively. Two faces F and G are complements iff 
F V G = K and FAG = (0). 
A lattice is comjdemented if all its elements are complemented. We shall 
prove below that the lattice of faces is a complemented lattice. If the 
cone I< is polyhedral, then it is known (Theorem (2.13.9) of 15, p. 711) 
that the lattice of faces is relatively complemented; that is, if G a K and 
H a F a G, then there is an E a G, such that 
FAr\=H, FVE=G. 
We are indebted to the referee for an example which shows that in general 
the lattice of faces of an arbitrary cone is not relatively complemented. 
The example is the following. Let K be a cone in 3-space whose cross 
section by the plane xa = 1 is a semicircle with one corner, x, on the 
x,-axis and base, b, parallel to the xi-axis. Let F = Q(x), G = @i(b). Then 
F 4 Ga K, but G has no relative complement. For if G, a G, then 
G, V G # K. But if Gi Q G, then Gi A G = {0}, not F. 
THEOREM 5.1. 9(K) is a comjdemented lattice. 
Proof. We begin by noting that if H is a maximal face of K, then 
H has a complement Q(y), where y is any extreme vector not in H. 
CASE 1. We suppose that K is polyhedral and proceed by induction. 
If dim K = 2, the result is trivial. Suppose the proposition is true for all 
cones of dimension < n, and let dim K = n. If F a K, then F is contained 
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in a maximal face H. If F = H, we are done. If not, then there is a 
G Q H such that G V F = H, G A F = (0). Since K is polyhedral there 
is a face HI such that G a HI A H. Let y be an extremal in H,, not in H, 
so that Q(y) V H = K, G(y) A H = (0). Also @5(y) V GQ Hi # K. Let 
Hs = a(y) V G, and let I;, = F A H,. Then by the induction hypothesis 
F, has a complement G, in H,. Thus 
F A G, = F A Hz A G, = F1 A G, = {0}, 
FVG, = FVF,VG, = FVH, = FVGV@(y) = H’/@(y) = K. 
Thus G, is a complement of F in K, and the induction step is complete. 
CASE 2. Now suppose that K is not polyhedral. Let F be a face of K. 
If dim F = Y, then F contains at least Y linearly independent extremals 
xi,. . , x,. Let F, be the convex cone spanned by xi,. . . , x,, so that 
F, _C F, FIA c FA. Let S be the union of the relative interiors of all faces 
whose intersection with F contains more than just the zero vector. The 
complement of S in K will contain at least t = +z - Y linearly independent 
extremals, say yi,. . . , yt. Let K, be the cone spanned by {x1,. , x,, 
yl,. ., y,], K, C K. Then F, has a complement G in K, by case 1. Let 
x E FIA, y E GA. The line segment from x through y intersects aK in a 
point which is in the complement of S. But then 
Q(Z) A F = (0) and Q(z) V F = K. 
Thus Q(Z) is a complement of F, and the theorem is proved. n 
Recall from [l, p. 801, that a point lattice is a lattice in which every 
element is the join of points, i.e., elements which cover zero. We recall 
that x coveys y iff there is no z distinct from x and y such that x 3 z > y. 
The points of 9°K) are exactly the extreme rays, and since any face of K 
is the convex hull of the extreme rays which it contains, we have established 
the following. 
PROPOSITIOK 5.2. 9(K) is a point lattice. 
If we define a facet to be a maximal proper face then the dual of Proposi- 
tion 5.2 is: 
Each face of K is az intersection of facets. 
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For polyhedral cones the dual is true [3, p. 271. If K is not polyhedral, 
then the dual need not be true. For example, let 
K= 
and let 
C = {x E Klx, = O}. 
Then C is a facet of K, and if y E C is an extremal of K, then C is the only 
facet containing Q(y). 
6. MODULAR LATTICES 
The condition that F should be modular is that 
FV(GhH) = (FVG)hH, for FQH, GQK. 
Also, a cone K is strictly convex iff the line segment connecting any two 
distinct boundary rays lies, except for its endpoints, entirely within K”. 
Another way of stating this condition is the following. If we take any cross 
section of K by an affine hyperplane which passes through K”, then we 
obtain a compact convex set which is strictly convex. 
THEOREM 6.1. If K is strictly cowe:x then .F is modular. If F is 
modular but not distributive and dim K = 3, then K is strictly convex. 
Proof. If I< is strictly convex then every x E aK, x # 0, is an extremal, 
so every Q(X) is a maximal face. It is now trivial to verify that 9 is 
modular. 
Let x1, x2, xs be distinct extremals. We claim that xi, x2, xa are 
linearly independent. To see this note first that ccixr + cczxz + tcsx3 = 0 
and CQ > 0, i = 1, 2, 3 cannot hold unless tci = tee = c(s = 0 as K is 
pointed. Thus if ccixi + c(axs = 0, we have sign xc1 = - sign CQ. Take 
cc1 > 0. Then 
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which contradicts the fact that xi and x2 generate distinct rays. If clixi + 
CI~X~ + qxs = 0, then by renumbering if necessary we may assume 
xi, c(~ > 0 > ~a. Set zi = ccixi, z2 = c+z~, za = - c(sxa. The zi are 
distinct extremals. But we have zi + z2 = ~a. Hence zi = p.za, z2 = yzs 
with p, y > 0. This is again a contradiction so xi, x2, xa are linearly 
independent. 
We shall first show that there are at least two (necessarily distinct) 
extremals xi and X$ such that xi + x2 >> 0. Suppose K is not simplicial 
and yi, ys, ys, y4 are distinct extremals of Ii. (Recall we are now assuming 
dim K = 3). Then as in the proof of Theorem 4.1 there is a nontrivial 
linear relation among them. If zi is a suitable nonzero scalar multiple 
of yi this linear relation takes one of two forms: 
(4 21 = 22 + z3 + -74, 
The relation (a) is impossible since zi is an extremal. If in (b) we set 
x = zi + z2 then x is in the relative interior of both @(xi + +) and of 
@(zs + q). The relative interiors of two faces meet only if one contains 
the other. But then the containing face must also contain all four extremals, 
and so it is K. Therefore x is in K”, and there must be two extremals, 
xi, x2 (say) such that xi + x2 >> 0. 
We shall now show that the sum of any two distinct extremals is 
strictly positive. Again suppose that this is false and that for the extremals 
x3, x4 we have x3 + x4 E aK. We may assume xi and xs are distinct. 
CASE 1. x1 + X3E HIT. 
By modularity we have 
@@'I) V [@'(Fz) *@(XI + x3)1 = [@'.(4 V @'(=A1 A @'(XI + x3). (6.2) 
We must have @(x2) A @(xi + x3) = (0). For if x2 E @(xi + x3), then 
@(xi + x3) = K as xi + x2 >> 0. But this gives xl + x3 >> 0, which is 
false. So 
@(Xi) v iQ%?) A @(Xi + x3)1 = @.(x1 
On the other hand 
+ x3) = @(x1 + x3). 
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So Eq. (6.2) reduces to 
which is false as xi and xa are distinct. 
CASE 2. xi+ xa >> 0. 
By modularity we have 
@(~a) V [@(xi) A @(~a + ~411 = [@kd V @(x1)1 A @i(xs + ~4). (6.3) 
Reasoning as in Case 1, we see that Eq. (6.3) reduces to 
%a) = @(% + x,), 
which is again an impossibility. These contradictions establish the theorem 
for n = 3. n 
For n > 3 this theorem is not true. That is, modularity need not 
imply strict convexity, although the converse implication obviously holds. 
As an example consider a cone in 4-space whose cross section by the plane 
x4 = 1 is a right circular cone C. To be specific let the cone C have vertex at 
the point P = (O,O, 1, 1)) and let the base I3 of C be parallel to the x2, xa plane 
and given by x1 = 1, xs2 + xz2 = 1. [Note that C is a compact set and is a 
cone in the sense of analytic geometry, whereas K is a cone in our earlier 
usage.] It is clear from the construction that K is not strictly convex. 
Let Hi = Q(B), F, = Q(P). Choose distinct extreme rays and generate 
faces F, and Gr lying in HI and let H = F, V F,, G2 = G1 V F,. Using 
the symmetry of C we see that there are only finitely many essentially 
distinct cases to check to verify that the modular equation holds. For 
instance, F, a H, and (F, V G,) A HI = HI = F, V (G, A HI). If we 
enumerate all these cases we see that F(K) is in fact modular. Thus we 
still have open the question of classifying the modular face lattices for 
n > 3. However, if K is polyhedral, then the weaker assumption of 
semimodularity will imply that K is simplicial. This we shall prove in 
the next section. 
7. SEMIMODULAR LATTICES 
The definition of lattice theoretic terms are those of [l]. In particular 
since 9(K) is of finite length we may take as the definition of semi- 
modularity Corollary 1, page 81, of [l] : 
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COROLLARY 7.1. A lattice of finite length is semimodular iff for all 
elements x, y x covers x A y implies that x V y covers y. 
THEOREM 7.2. If F(K) is seminzodztlar and K is polyhedral, then 
9(K) is distributive. 
Proof. We shall establish that K is a simplicial cone. If H a K, let 
F(H) = {F a KIF a H}. If F, G E 9(H), then F covers F A G in 9(K) 
iff F covers F A G in F(H). However, if F, GE 9(H), then F V G a H, 
and so F(H) is semimodular whenever T(K) is. 
Let dim H be the dimension of the subspace H - H (in particular if 
K is full, then dim K = dim I’). We proceed by induction on dim K. 
If dim K = 2, then K is simplicial and there is nothing to prove. 
Assume the results hold for all cones of dimension < n, and let dim K = n. 
Let xi,. . , ?c,_~ be any n - 1 extremals of K. Then @(x1) V. * * V @(xn_i) # 
K. For if equality were to hold we could (by renumbering the xj) find an 
m < n - 1 such that H = @(x1) V * . . V @(xm_i) is a complement in the 
lattice 9(K) to the face @(xJ. Since His full in H - H and has dimension 
< n and since F(H) is semimodular, then the induction hypothesis yields 
that H is distributive, i.e., is the convex hull of the rays @(xi), . . , @(x,,_~). 
By the definition of semimodularity (since @(x,) covers @(xJ A H = {0}), 
then @(xJ V H covers H. We have dim H = m - 1, so dim(@(x,) V H) = 
nz < n - 1, while dim,K = n. This contradicts @(x~) V H = K. Thus 
@(Xi) v * * . V @((~+r) = F # K. Again the induction hypothesis applies 
to the semimodular lattice 9(F), and F is simplicial. 
It follows that the cone is n - 1 neighborly (cf. [2 or 3, pp. 122-1231). 
Hence K itself must be simplicial, by Proposition 4 and page 123 of [3], 
and the proof is complete. n 
Unfortunately, semimodularity does not in general imply modularity 
for a face lattice as the following example shows. We shall determine K 
by describing a cross section. Let C be a circle in the plane and let xi be 
a point exterior to C. Draw the tangents from xi to C and form the convex 
set having the constructed set as its boundary: 
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Now let this set be placed in R3 so that the cone generated by taking all 
rays from 0 through it is a full cone. A straightforward enumeration of 
cases shows the corresponding lattice to be semimodular but not modular. 
I wo&d like to thank the referee for many useful criticisms of ax earlier 
version of this paper and specifically for the example of Sec. 5 and a sina$ifica- 
tion of the proof of Theorem 4.1. I would also like to thank Professor Hans 
Schneider for his he@ and encouragement as this paper went through its 
several stages. 
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